Abstract: We derive the continuous nilpotent symmetries of the four (3 + 1)-dimensional (4D) Abelian 2-form gauge theory by exploiting the geometrical superfield formalism where the (dual-)horizontality conditions are not used anywhere. These nilpotent symmetries are the Becchi-Rouet-Stora-Tyutin (BRST), anti-BRST and (anti-)co-BRST transformations which turn up beautifully due to the (anti-)BRST and (anti-)co-BRST invariant restrictions on the (anti-)chiral superfields that are defined on the (4, 1)-dimensional (anti-)chiral super-submanifolds of the general (4, 2)-dimensional supermanifold on which our ordinary 4D theory is generalized. The latter supermanifold is characterized by the superspace coordinate Z M = (x µ , θ,θ) where x µ (µ = 0, 1, 2, 3) are the bosonic coordinates and a pair of Grassmannian variables θ andθ obey the standard relationships: θ 2 =θ 2 = 0, θθ +θ θ = 0. We provide the geometrical interpretation for the nilpotency property of the above transformations that are present in the ordinary 4D theory. The derivation of the proper (anti-) co-BRST symmetry transformations is a novel result of our present investigation.
Introduction
Superfield approach [1] [2] [3] [4] [5] [6] [7] [8] to Becchi-Rouet-Stora-Tyutin (BRST) formalism is one of the very intuitive approaches to provide the geometrical origin and interpretation for the nilpotency and absolute anticommutativity of the (anti-)BRST symmetry transformations which are the generalizations of a given local "classical" gauge symmetry (of a gauge theory) to its counterparts "quantum" symmetries * . Bonora-Tonin (BT) superfield formalism [4, 5] has been quite successful in the derivation of proper (anti-)BRST symmetry transformations for the p-form (p = 1, 2, 3, ...) gauge theories where the celebrated horizontality condition (HC) plays an important role. However, this condition (i.e. HC) leads to the derivation of proper (anti-)BRST symmetries only for the gauge and corresponding (anti-)ghost fields for a given D-dimensional ordinary gauge theory. The matter fields are left untouched.
In a set of papers [9] [10] [11] [12] [13] , we have been able to generalize the BT-superfield formalism where, in addition to HC, a set of gauge invariant restrictions (GIRs) have been also imposed on the superfields to obtain the proper (anti-)BRST symmetry transformations for the gauge, (anti-)ghost and matter fields of an interacting gauge theory together without spoiling the geometrical interpretation of the nilpotency and absolute anticommutativity properties in terms of the translational generators along the Grassmannian directions of the (D, 2)-dimensional supermanifold on which the ordinary D-dimensional (anti-)BRST invariant theory is generalized. In our earlier works [14] [15] [16] , we have demonstrated that any arbitrary Abelian p-form (p = 1, 2, 3) gauge theory would respect the (dual-)gauge symmetry transformations in D = 2p dimensions of spacetime. As a consequence, one is able to obtain, in addition to the (anti-)BRST symmetry transformations, a proper (i.e. off-shell nilpotent and absolutely anticommuting) set of (anti-)dual-BRST [(anti-)co-BRST] symmetry transformations for the above Abelian p-form gauge theories.
The purpose of our present investigation is to derive the proper (anti-)BRST transformations for the 4D Abelian 2-form theory without using HC. Thus, our present endeavor is drastically different from our earlier work [17] where the HC is used in its full blaze of glory. Furthermore, we derive the proper (i.e. off-shell nilpotent and absolutely anticommuting) (anti-)co-BRST symmetry transformations which is a completely novel result in our present investigation. We exploit, in our present endeavor, the (anti-)chiral superfields (defined on the (4, 1)-dimensional super-submanifolds of the general (4, 2)-dimensional supermanifold) and put (anti-)BRST and (anti-)co-BRST invariant restrictions (BRSTIRs and CBRSTIRs) to derive all the proper (anti-)BRST as well as (anti-)co-BRST symmetry transformations for our present theory of the 4D Abelian 2-form gauge theory which is described by the coupled (but equivalent) Lagrangian densities (cf. Sec. 1 below).
The highlight of our present endeavor is the simplicity and generality of our technique which is useful in the derivation of nilpotent (anti-)BRST and (anti-)co-BRST symmetry transformations. We provide the geometrical basis for the nilpotency property which is equivalent to two successive translations of the superfields, derived after the application of BRSTIRs as well as CBRSTIRs, along the Grassmannian directions of the supersubmanifolds of the general (4, 2)-dimensional supermanifold on which our 4D ordinary (anti-)BRST and (anti-)co-BRST invariant 4D Abelian 2-form gauge theory is generalized. We also furnish the geometrical interpretation for the (anti-)BRST as well as (anti-)co-BRST invariance of the appropriate Lagrangian densities of our present theory.
The motivating factors behind our present investigation are as follows. First, we have derived the (anti-)BRST symmetries without any use of HC. This is a novel result in the true sense of the words because we have used only the physical restrictions on the (super)fields which are inspired by the (anti-)BRST invariance. Second, the derivation of the proper (anti-)co-BRST symmetries is also a novel result because, in our earlier work [17] , we have not been able to achieve this goal within the framework of superfield formalism. Third, we have developed a simple and general technique which is useful in the derivation of all the nilpotent [i.e. (anti-)BRST and (anti-)co-BRST] symmetry transformations of our present theory. Finally, our present investigation is our first step towards our main goal to demonstrate that one can derive the proper (anti-)BRST and (anti-)co-BRST symmetry transformations together, based on the BRSTIRs and CBRSTIRs on the superfields, that do not spoil the geometrical interpretations (of the very same symmetries which are derived from the application of HC and dual-HC).
The contents of our present paper are organized as follows. In Sec. 2, we very concisely mention the off-shell nilpotent (anti-)co-BRST and (anti-)BRST symmetry transformations. Our Sec. 3 deals with the derivation of (anti-)co-BRST transformations by using the (anti-)chiral superfields and imposing on them the (anti-)co-BRST restrictions. The subject matter of Sec. 4 is the (anti-)BRST restrictions on the (anti-)chiral superfields that lead to the derivation of (anti-)BRST transformations. Finally, we make some concluding remarks and point out a few future directions for further investigations in our Sec. 5.
Our Appendix deals with the derivation of Curci-Ferrari (CF)-type conditions by the requirement of absolute anticommutativity properties between co-BRST and anti-co-BRST transformations as well as that of the BRST and anti-BRST.
Preliminaries: Lagrangian Formalism
We very briefly mention here the off-shell nilpotent and absolutely anticommuting (anti-) BRST (s (a)b ) and (anti-)co-BRST (s (a)d ) symmetry transformations for the coupled Lagrangian densities (L B,B ) and (LB ,B ) (see, e.g. [18] for details)
which describe the free 4D Abelian 2-form gauge theory. In the above, the auxiliary fields (B µ ,B µ , B µ ,B µ ) are the Nakanishi-Lautrup type auxiliary fields, (C µ )C µ are the fermionic (C 
are continuous symmetry transformations of the action integrals ( B) ) corresponding to the Lagrangian densities (1) and (2) . Furthermore, the above transformations are absolutely anticommuting (i.e. s b s ab + s ab s b = 0) in nature on the constrained surface (in the 4D Minkowskian spacetime manifold) which is described by the following Curci-Ferrari (CF) type field equations, namely;
which are found to be (anti-)co-BRST as well as
In fact, the top two relations of (7) are the ones that are useful in proving the absolute anticommutativity property (s b s ab + s ab s b = 0). Furthermore, on the constrained surface defined by the field equations (7), the action integrals S 1 and S 2 respect all the nilpotent symmetry transformations listed in (3), (4), (5) and (6) and, therefore, they are equivalent. It can be explicitly checked that, under the (anti-)co-BRST symmetry transformation (s (a)d ) and (anti-)BRST symmetry transformation (s (a)b ), the Lagrangian densities (1) and (2) transform as (see, e.g. [18] for details)
† We adopt here the convention and notations such that the flat Minkowskian 4D spacetime manifold is endowed with a metric η µν which has signatures (+1, −1, −1, −1) so that the dot product between two non-null 4-vectors P µ and Q µ is: 
We have not mentioned here the symmetry transformation properties of
and s ad L (B, B) but it can be checked that, under these transformations, the Lagrangian densities transform to the total spacetime derivative plus the terms that are zero on the constrained surface defined by the CF-type restriction (7). Thus, we conclude that both the Lagrangian densities (1) and (2) respect the (anti-)BRST as well as (anti-)co-BRST symmetries on the constrained surface where (7) is satisfied (see, e.g. [18] for details). We, once again, wish to lay emphasis on the fact that all the relations of (7) play important roles in the proof of (anti-)co-BRST invariance of both the Lagrangian densities as far as their action integrals S 1 and S 2 are concerned.
3 Nilpotent (Anti-)co-BRST Symmetries: Use of Chiral and Anti-Chiral Superfields
In this section, first of all, we derive the co-BRST (i.e. dual-BRST) transformations (s d ) by exploiting the anti-chiral superfields which are the generalizations of the dynamical fields of our present theory on the (4, 1)-dimensional anti-chiral super-submanifold as ‡
where the super-submanifold is parameterized by (x µ ,θ). In the above, the ordinary
, on the r.h.s. of (12) , are fermionic in nature and (B (1) µ (x), B (2) µ (x)) are a pair of bosonic secondary fields. We have to determine these secondary fields in terms of the basic and auxiliary fields of our ordinary 4D (anti-) co-BRST invariant theory described by the Lagrangian densities (1) and (2) by invoking some appropriate (anti-)co-BRST invariant restrictions (CBRSTIRs). ‡ We have not taken the generalizations and super-expansions of the superfields corresponding to the auxiliary field ρ, λ, B µ ,B µ , B µ ,B µ because these fields remain invariant under the (anti-)co-BRST symmetry transformations and they can be accommodated as values of the secondary fields in (12) .
We note that the total gauge-fixing term remains invariant under the (anti-)co-BRST symmetry transformations (i.e.
. As a consequence, first of all, we demand that the anti-chiral superfieldΦ 1 (x,θ) should be independent of the "soul" coordinateθ. Thus, we have the restriction:
Furthermore, it can be readily verified that the following very useful set of quantities are found to be co-BRST invariant quantities, namely;
The above claim can be checked explicitly by exploiting the co-BRST symmetry transformations (s d ) given in (4). As a consequence, the above set of invariant quantities, generalized onto the (4, 1)-dimensional anti-chiral super-submanifold, would remain independent of the "soul" coordinateθ. In other words, we have the following conditions:
We note that the fields on the r.h.s. of the above equality are only function of the ordinary spacetime coordinates (x µ ) but the (super)fields on the l.h.s. are function of the anti-chiral superspace coordinates (x µ ,θ). Thus, after substitution of the superfields (12) into the expressions of the l.h.s., we have to set the coefficients ofθ-variable equal to zero. This exercise yields the following relationships amongst the secondary fields and the basic as well as auxiliary fields of the ordinary 4D gauge theory, namely;
The substitution of these values in the expansions (12) yields
where the superscript (d) on the superfields denotes the expansion of the superfields after the application of dual-BRST (i.e. co-BRST) invariant restrictions [cf. (13), (15)] on the (super)fields of our present theory. A close look at the above equation demonstrates that we have already obtained the dual-BRST (i.e. co-BRST) symmetry transformations (4) of our theory. These are the coefficients of the Grassmannian variablesθ.
To derive the proper anti-co-BRST symmetry transformations, we invoke here the chiral superfields, parameterized by the super-coordinates (x µ , θ), in the following fashion:
where the 4D ordinary fields (B µν (x), φ 1 (x), φ 2 (x), β(x),β(x),B
(1)
µ (x)) are bosonic and (R µν (x), C µ (x),C µ (x),f 1 (x),f 2 (x),f 3 (x),f 4 (x)) are fermionic due to the "fermionic" nature of the Grassmannian variable θ. Out of these fields, we note that the secondary fields (R µν (x),f 1 (x),f 2 (x),f 3 (x),f 4 (x),B (1) µ (x),B (2) µ (x)) are to be determined by exploiting the virtues of the anti-co-BRST invariant restrictions on the chiral superfields defined on the super-submanifold. Towards this goal in mind, we enumerate below some of the useful anti-co-BRST invariant quantities that are present in our theory.
We observe that the following quantities are anti-co-BRST invariant, namely;
As a consequence, the above quantities are physical (in some sense) because in a field theoretic model for the Hodge theory, the (anti-)BRST and (anti-)co-BRST invariant quantities ought to be physical. Thus, their generalizations on the (4, 1)-dimensional chiral supersubmanifold must be independent of the Grassmannian variable θ. Based on this argument, we have the following restrictions on the chiral (super)fields, namely;
It will be noted that we have not taken the super-expansions of the superfields corresponding to the auxiliary fields ρ(x), λ(x), etc., because these are (anti-)co-BRST invariant quantities (i.e. s (a)d ρ = 0, s (a)d λ = 0) which are independent of the "soul" coordinates θ andθ. The above restrictions in (20) lead to the derivation of the secondary fields, in terms of the basic and auxiliary fields of the ordinary 4D theory, as
The substitution of the above secondary fields into the chiral super-expansions (18) leads to the following explicit expansions of the superfields, namely;
where the superscript (ad) denotes the superfields that have been obtained after the application of the anti-CBRSTIRs (20) on the superfields. We note that we have already obtained the anti-co-BRST symmetry transformations of our present theory (cf. (3)). These transformations appear as the coefficients of the variable θ on the r.h.s. of (22) . From the super-expansions (22) and (17), we obtain the geometrical meaning of the (anti-)co-BRST symmetry transformations due to the following
whereΩ (ad) (x, θ) andΩ (d) (x,θ) are the generic chiral and anti-chiral superfields obtained after the application of anti-CBRSTIRs and CBRSTIRs on the superfields and ω(x) is § We continue to use the partial derivatives ∂ θ and ∂θ because the super-submanifolds are a part of our general supermanifold that is parametrized by the superspace variable Z M = (x µ , θ,θ) and, therefore, the (anti-)chiral superfields are the limiting cases of the general superfields (when we set (θ = 0)θ = 0). the generic 4D ordinary bosonic and fermionic fields of the ordinary 4D (anti-)BRST and (anti-)co-BRST invariant theory. Geometrically, the above equation implies that the (anti-)co-BRST symmetry transformations on the 4D generic field ω(x) is equivalent to the translation of the (4, 2)-dimensional superfield (Ω (ad) )Ω (d) along the (θ)θ-directions of the (4, 1)-dimensional chiral and anti-chiral super-submanifolds of the general (4, 2)-dimensional supermanifold on which our 4D theory is generalized. Thus, the nilpotency of s (a)d is intimately connected with the nilpotency of (∂ θ )∂θ (i.e. s
4 Nilpotent (Anti-)BRST Symmetries: Use of Chiral and Anti-Chiral Superfields
In our present section, we derive the nilpotent (anti-)BRST symmetry transformations by using the (anti-)chiral superfield approach. First of all, we concentrate on the generalization of dynamical fields of Lagrangian density (1) to the anti-chiral superfields which are parameterized by the variables (x µ ,θ) (cf. (12)). It can be seen that the kinetic term remains invariant (i.e. s (a)b H µνη = 0, s (a)b φ 2 = 0) under the BRST as well as anti-BRST symmetry transformations . Hence, the anti-chiral superfieldΦ 2 (x,θ) should be unchanged ¶ . In other words, the superfieldΦ 2 (x,θ) must be independent of the Grassmannian variableθ. This requirement leads us to demand the following equality, namely;
To utilize the BRSTIRs, we have to find out a set of useful BRST invariant quantities. In this connection, we see that if we apply the BRST symmetry transformations on the following quantities, they remain invariant as listed below:
Due to the invariance under the BRST symmetry transformations, the above quantities would be unaffected by the "soul" coordinateθ when these quantities are generalized onto the (4, 1)-dimensional anti-chiral super-submanifold. In other words, we have the following restrictions on the (super)fields, namely;
(26) ¶ The invariance of curvature tensor (i.e. s (a)b H µνη = 0) has been used in the HC in our earlier work [17] . We make some remarks about it in our "Conclusion" section (cf. Sec. 5).
Taking the super-expansions (12) and substituting them into the above equation, we get the secondary fields in terms of the basic and auxiliary fields of our theory as
Putting these values into the super-expansions (12), we get the following:
where the superscript (b), in the above equation, denotes the anti-chiral super-expansions after the application of BRST invariant restrictions. In order to derive the anti-BRST symmetry transformations, we have to use the chiral superfield mentioned in (18) . Furthermore, it can be checked explicitly that the following quantities remain invariant under the anti-BRST symmetry transformations
The above invariant quantities remain independent of the "soul" coordinate θ when they are generalized onto the (4, 1)-dimensional chiral super-submanifold. This statement can be mathematically expressed as the following equality conditions:
After substituting the super-expansions (18) in the above equation, we get the secondary fields in terms of the basic as well as auxiliary fields as follows:
Substituting these values into the super-expansion (18) we get
where the superscript (ab) on the superfields denotes the expansion on the superfields after the application of the anti-BRST invariant restrictions [cf. (29), (30)] on the (super)fields of our present theory defined on the (4, 1)-dimensional chiral super-submanifold. We end this section with the remark that the geometrical interpretation of the invariance [cf. (8) , (11)] of the Lagrangian densities L (B,B) and L (B,B) can also be captured within the framework of superfield formalism. It is straightforward to note that these Lagrangian densities can be generalized onto the (anti-)chiral super-submanifolds as
where the superscripts (ad, ab, d, b) denote that the superfield expansions (22) , (32), (17) and (28) have been taken into account. Now, it is elementary to check that
which provide the geometrical interpretation for the invariance of the Lagrangian densities (1) and (2) within the framework of our superfield formalism. It states that the translation of the sum of composite (super)fields, present in the super Lagrangian densities (33), along the (θ)θ-directions of the chiral and anti-chiral super-submanifolds produces the ordinary spacetime derivatives (8), (9), (10) and (11) . this observation, it turn, implies the (anti-)co-BRST and (anti-)BRST invariance of the action integrals corresponding to the Lagrangian densities (1) and (2) for the physical fields that vanish off at infinity.
Conclusions
One of the key results of our present investigation is the simplicity of the theoretical technique that has been used in the derivation of nilpotent (anti-)co-BRST and (anti-)BRST symmetry transformations for our present 4D free Abelian 2-form gauge theory. We note that we have not exploited the strength of the (dual-)HC in our present derivation. Rather, we have exploited the (anti-)co-BRST and (anti-)BRST invariance to impose restrictions on the (anti-)chiral superfields to achieve our goals in the sense that these conditions lead to the derivation of proper (anti-)co-BRST and (anti-)BRST symmetry transformations. This should be contrasted with our earlier work [17] where we have used the theoretical power and potential of the HC in its full strength for the derivation of only the proper (anti-)BRST symmetry transformations of our present theory. It will be observed that we have utilized the (anti-)BRST invariance (s (a)b φ 2 = 0) of the field φ 2 in (24). However, we have not touched upon the (anti-)BRST invariance of the curvature tensor H µνη (i.e. s (a)b H µνη = 0) because this is connected with the HC which has been fully used in our earlier work [17] . One of the novel features of our present investigation is the observation that, even without the use of HC, one can derive the proper (anti-)BRST symmetries of our present theory where only the property of (anti-)BRST invariance has been exploited extensively. In fact, the BRSTIRs have been motivated by the physical arguments where we have demanded that (anti-)BRST invariant quantities should be independent of the "soul" coordinates θ andθ.
We observe that the bosonic coordinates (x µ ) of the superspace variable Z M = (x µ , θ,θ) are called the "body" coordinates and the pair of Grassmannian variables (θ,θ) are known as the "soul" coordinates. The former could be realized physically but the latter are only mathematical in nature. Thus, a physical quantity should be independent of the "soul" coordinates. This is the physical input that has been incorporated in (C)BRSTIRs taken throughout the main body of our text.
The derivation of the proper (i.e. off-shell nilpotent and absolutely anticommuting) (anti-)co-BRST symmetries is a novel result in our present investigation where we have not used the dual-HC. We have not utilized this idea of CBRSTIRs in our earlier work [17] on 4D free Abelian 2-form gauge theory where we have used the superfield formalism to derive the (anti-)BRST symmetries. The highlight of our present endeavor is the observation that the geometrical interpretations for the (anti-)BRST and (anti-)co-BRST symmetry transformations, in terms of the translational generators (∂ θ )∂θ, remains the same as in our earlier works [9] [10] [11] [12] [13] 17] and, as a consequence, the nilpotency property of the symmetry transformations and translational generators along the Grassmannian directions remain beautifully entangled and intertwined in our present work.
In our present endeavor, we have exploited the (anti-)co-BRST invariance of (s (a)d φ 1 = 0) in our superfield restriction (13) . However, we have not utilized the beauty and strength of the (anti-)co-BRST invariance of the gauge-fixing term [i.e. s (a)d (∂ ν B νµ ) = 0] which has its origin in the co-exterior derivative δ = − * d * . To use this observation in the physical context, we have to develop the working-rule for the application of dual-HC in the context of Abelian 2-form gauge theory as has been done in our earlier work on Abelian 1-form theory in 2D and 4D (see, e.g. [19] for details). We plan to pursue this direction of research in our future endeavors as far as the superfield formalism is concerned.
It would be nice future endeavor to apply our present idea to 2D (non-)Abelian 1-form and 6D Abelian 3-form gauge theories where the existence of (anti-)BRST and (anti-)co-BRST symmetry transformations have been shown in order to prove that the above models are the field theoretical examples of the Hodge theory. We have also proven the 1D system of rigid rotor [20] and 2D self-dual fields [21] to be the examples for Hodge theory. We plan to apply our present idea to these systems, too, so that our present idea could be put on the solid foundation. Presently, we are intensively involved with these problems and we plan to report our results in our future publications [22] .
